Fuzzy Linear Programming models are quite frequent in practice.
Introduction
Since the addition of new constraints to a certain problem of optimization may break the feasibility of the optimal solution previously found, in the case of linear programing problems the dual simplex algorithm can be used for a rapid reoptimization without the need of finding new primal basic feasible solutions, that is, it is particularly useful for reoptimizing the solution of a certain problem after a constraint has been added or some parameters have been changed, so that the previously optimal solution may be no longer feasible. Besides this, since Linear Programming problems are almost omnipresent in all of the engineering fields, it is patent that the dual simplex algorithm is of upmost importance in a wide variety of applications and real practical problems where data, constraints or, generally speaking, parameters defining the problems may have a dynamic nature, as the algorithm facilitate to reoptimize without the need of iterating from the beginning with the consequent saving of time computation. When the data involved in the problem at hand are imprecise ones, what is quite usual in practical application, fuzzy sets are usually considered for modelling them. But in these cases, if needed, it is not possible to directly apply the dual simplex algorithm as it is not so easy like in the conventional case it is, when conventional Linear Programming problems are being considered.
As it is evident, in these circumstances there is a gap, and the main goal of this paper is to bridge this gap by presenting a dual simplex algorithm useful for the case where (trapezoidal) fuzzy numbers are involved in the problem. As it is well known, from a historical point of view, Bellman and Zadeh [2] first proposed the basic concepts of fuzzy decision making. Based on these concepts, Zimmermann [12] , Tanaka and Asai [10] and Verdegay [11] formulated Fuzzy Linear Programming (FLP) problems in a fuzzy environment. Mahdavi and Nasseri [8] proposed a dual simplex algorithm directly using the primal simplex tableau for solving linear programming problems with trapezoidal fuzzy variables. Allahviranloo et al. [1] solved linear programming problems with inequality constraints in a fully fuzzy environment by converting the problems to their crisp equivalent. Lotfi et al. [5] discussed the fully fuzzy linear programming problems such that all parameters and variables are triangular fuzzy numbers. Kumar et al. [7] proposed a new algorithm to find the fuzzy optimal solution of same type of fuzzy linear programming problems. Ganesan and Veeramani [4] introduced a type of fuzzy arithmetic for symmetric trapezoidal fuzzy numbers and then proposed a primal simplex method for solving fuzzy linear programming problems without converting them to crisp linear programming problems. Nasseri and et al. [9] discussed a concept of duality for fuzzy linear programming problems introduced by Ganesan and Veeramani, and derived the weak and strong duality theorems. Recently Kheirfam and Verdegay [6] have proposed a dual simplex method for fuzzy linear programming problems as introduced by Ganesan and Veeramani, and then the sensitivity analysis for these problems was discussed.
As said above, our main aim here is the establishment of duality and complementary slackness for fully fuzzy linear programming (FFLP) problems, that is, when all the parameters are symmetric trapezoidal fuzzy numbers. From the results obtained, we develop and present for first time an original dual simplex algorithm for solving these prob-1 
Previous results
In this section we present some notations, notions and results [4] that will be useful in dealing with the issues addressed in this paper.
Definition 1.
A fuzzy number on R(real line) is said to be a symmetric trapezoidal fuzzy number if there exist real numbers a 1 and a 2 , a 1 ≤ a 2 and α > 0, such that Fig. 1 . 
(in this case, we can also writeã ≺b) or
(in the last two cases, we can also writeã ≈b and say thatã andb are equivalent).
Remark 3. Two symmetric trapezoidal fuzzy num-
In this case, we simply write (
and it is to be noted that a 1 need not be equal to b 1 or a 2 need not be equal to
Remark 4. For any symmetric trapezoidal fuzzy numberã, we defineã 0 if there exist c ≥ 0 and
In the sequel, we propose a symmetric trapezoidal fuzzy number and two new types of fuzzy arithmetic operations.
Definition 5.
For any symmetric trapezoidal fuzzy numberã, we defineã 1 if there exist c ≥ 0 and δ ≥ 0 such thatã (−c + 1, c + 1, δ, δ). We also denote (−c + 1, c + 1, δ, δ) by1. Note that1 is equivalent to (1, 1, 0, 0). 2 , β, β) be symmetric trapezoidal fuzzy number and non-zero symmetric trapezoidal fuzzy number, respectively. Now, we define two types of arithmetical operations as follows: Definition 13. A symmetric trapezoidal fuzzy matrix is any rectangular array of symmetric trapezoidal fuzzy numbers. We denote byÃ = [ã ij ] m×n , whereã ij ∈ F(R), i = 1, 2, . . . , m, j = 1, 2, . . . , n. The set of all symmetric trapezoidal fuzzy matrices is denoted by F(R) m×n .
Definition 14. LetÃ ∈ F(R) m×n , andã j ∈ F(R) n denotes its jth column, for j = 1, 2, . . . , n. The rank of matrixÃ is the largest number of fuzzy linearly independent vectorsã j .
Corresponding to any square matrixÃ ∈ F(R) n×n , there is a symmetric trapezoidal fuzzy number which is called the determinant ofÃ and is denoted by |Ã|. For any values of indices i and j, the ijth minor ofÃ, denoted byÃ ij , is the (n−1)×(n−1) sub-matrix ofÃ obtained by deleting the ith row and the jth column ofÃ. We compute |Ã| as follows:
For a given square matrixÃ ∈ F(R) n×n , we say that matrixB ∈ F(R) n×n is inverse ofÃ, denoted byB ≈Ã −1 , ifÃB ≈BÃ ≈Ĩ n , whereĨ n is an identity matrix. A matrixÃ ∈ F(R)
n×n is said to be singular fuzzy matrix if |Ã| ≈0. In the other case, matrixÃ is called non-singular fuzzy matrix. For a non-singular fuzzy matrixÃ, the inverse fuzzy matrixÃ −1 is calculated bỹ
whereÃ ij is the ijth minor of the matrixÃ.
Fully fuzzy linear programming
A fully fuzzy linear programming (FFLP) problem with symmetric trapezoidal fuzzy numbers is defined as:
n is to be determined.
n , where eachx i ∈ F(R), is called a fuzzy feasible solution to (FFLP) ifx 0 satisfies the constraintsÃx b .
Definition 16. Let S be the set of all fuzzy feasible solutions of (FFLP). A fuzzy feasible solutionx * ∈ S is said to be a fuzzy optimal solution to (FFLP) ifcx cx * for allx ∈ S.
Fuzzy basic feasible solution
We consider the following standard FFLP problem:
where the parameters of the problem are as defined in (FFLP). LetÃ = [ã ij ] m×n and rank(Ã) = m. PartitionÃ as [BÑ ] whereB, m × m, is nonsingular fuzzy matrix (it means that |B| 0 ). Let y j be the fuzzy solution toBỹ j ≈ã j , whereã j is the jth column of the coefficients matrixÃ. It is apparent that the fuzzy basic solutioñ
is a fuzzy solution ofÃx ≈b. We callx
T , a fuzzy basic solution corresponding to basisB. Ifx B 0 , then the fuzzy basic solution is feasible and the corresponding fuzzy objective value isz ≈c BxB , wherec B ≈ (c B1 , . . . ,c Bm ). Now, corresponding to every j, 1 ≤ j ≤ n, definẽ
Theorem 17. (Optimality conditions) Assume the FFLP problem is non-degenerate andB is a fuzzy feasible basis. A fuzzy basic feasible solutionx B ≈ B −1b
0 ,x N ≈0 is optimal to (1) 
if and only if
T is a fuzzy basic feasible solution to (1) wherex B ≈B −1b ,x N ≈0. Then the corresponding fuzzy objective value is:
On the other hand, for any fuzzy basic feasible solutionx to (1), we havẽ
Hence, using (4) and (5), we havẽ
Now, if for j ∈ N we havec j −z j 0 , then from feasibility ofx we have (c j −z j )x 0 , and then we obtain j∈N c j −z j x j 0 . Therefore, it follows thatz z * , and sox * is optimal.
Remark 18. IfÃ andc are crisp numbers, then the above optimality condition matches the optimality condition in [8] . Moreover, if the data and variables are crisp numbers, then the above theorem is consistent with the optimality condition for crisp linear programming.
In the next section, we develop the duality results
Duality
We consider the (FFLP) problem. We define the dual problem of (FFLP) as follows:
Theorem 19. (The weak duality properties) Ifx andw are fuzzy feasible solutions to (FFLP) and (DFFLP) problems, respectively, thenwb cx.
Proof. MultiplyingÃx b on the left byw 0 and wÃ c on the right byx 0 and using Lemma 7, we getcx wÃx wb.
Corollary 20. Ifx andw are fuzzy feasible solutions to (FFLP) and (DFFLP) problems, respectively, andwb ≈cx, thenx andw are fuzzy optimal solutions to their respective problems.
Proof. It is straightforward, using Theorem 19.
Definition 21. We say the (FFLP) problem (or the (DFFLP) problem) is unbounded if fuzzy feasible solutions exist that the fuzzy objective value is increased (or decreased) indefinitely.
The following result relates unboundedness of one problem to infeasibility of the other.
Corollary 22. If any one of the (FFLP) or (DF-FLP) problem is unbounded, then the other problem has no fuzzy feasible solution.
Proof. Suppose that the (FFLP) is unbounded and that the (DFFLP) problem has a fuzzy feasible solutionw. By Theorem 19, we havecx wb for every fuzzy feasible solutionx. This shows thatwb is an upper bound ofcx. This is impossible and the dual can not have a fuzzy feasible solution. Thus, the proof is complete. 
AssumeB is the optimal basis matrix andx 
Proof. Suppose thatx * andw * are fuzzy feasible solutions to (FFLP) and (DFFLP) problems, respectively. By Theorem 23, we havẽ
On the other hand, we have (c −w * Ã )x * 0 and w * (Ãx * −b) 0 . Therefore, we obtain (c −w * Ã )x * ≈0, andw * (Ãx * −b) ≈0.
The converse of the theorem follows from the fact that (c −w * Ã )x * ≈0, andw * (Ãx * −b) ≈0 imply thatcx * ≈w * b . Therefore, optimality ofx * andw * follows from Corollary 20.
Remark 25. IfÃ andc are crisp numbers, then the above results reduce to the duality theorems in [8] .
Moreover, if the all data and variables are crisp numbers, then these results are consistent with the results of linear programming.
Dual simplex method
Consider the (FFLP) problem. We may rewrite (FFLP) as follows:
whereṽ 
that is, the optimality condition of the (FFLP) at x holds true. we definew ≈c BB −1 , wherew ≈ (w 1 , . . . ,w m ). In this way, from (8), we havẽ wÃ c,w 0 that is,w is a dual fuzzy feasible solution. Ifỹ 0r 0 , for all r = 1, . . . , m, then we can obtain a fuzzy feasible solution for the (FFLP) problem. Moreover, we will havẽ
and thus, by Corollary 20, establish the optimality ofx andw for the (FFLP) and (DFFLP), respectively. Therefore, we have the following result. Now, assume that the (DFFLP) problem is feasible andx, corresponding to a basisB, is dual feasible but primal infeasible. That is, we havẽ z j −c j 0 , ∀j, and there exists at least one r such thatỹ 0r ≺0. Thus, according to duality theory, the (FFLP) problem can be either infeasible (in which case, the (FLD) problem is unbounded), or it has an optimal solution. Next we will show how to work on row r of the above tableau corresponding to basisB, as the pivoting row, and either (1) detect the infeasibility of the (FFLP) problem (or unboundedness of the (DFFLP) problem), or (2) find a column , as a pivoting column, to pivot onỹ r and obtain a new dual feasible tableau with a non-increasing primal objective value. We explain these cases below. Proof. Pivoting on the pivotỹ rk will result in the new objective row as follows:
For the new tableau to be dual feasible we need to havez
which results iñ
